Agility Analysis of the James Webb Space Telescope by Karpenko, Mark et al.
Calhoun: The NPS Institutional Archive
DSpace Repository
Faculty and Researchers Faculty and Researchers' Publications
2019-04
Agility Analysis of the James Webb Space Telescope
Karpenko, Mark; King, Jeffrey T.; Dennehy, Cornelius J.;
Ross, I. Michael
AIAA
Karpenko, Mark, et al. "Agility Analysis of the James Webb Space Telescope." Journal
of Guidance, Control, and Dynamics 42.4 (2018): 810-821.
http://hdl.handle.net/10945/63118
This publication is a work of the U.S. Government as defined in Title 17, United
States Code, Section 101. Copyright protection is not available for this work in the
United States.
Downloaded from NPS Archive: Calhoun
Agility Analysis of the James Webb Space Telescope
Mark Karpenko∗
Naval Postgraduate School, Monterey, California 93943
Jeffrey T. King†
United States Naval Academy, Annapolis, Maryland 21402
Cornelius. J. Dennehy‡
NASA Engineering and Safety Center, Goddard Space Flight Center, Greenbelt, Maryland 20771
and
I. Michael Ross§
Naval Postgraduate School, Monterey, California 93943
DOI: 10.2514/1.G003816
The agility of a rigid-body spacecraft can be expressed in terms of a geometric, three-dimensional, solid called the
agilitoid. Originally developed as ameans for explaining the concept of “hidden agility”made visible through the use
of optimal control techniques, a modified agilitoid called an agility envelope is presented here that is compatible with
conventional eigenaxismaneuvers. This paper demonstrates how the agility envelope canbe applied to size an attitude
control system (ACS) and/or assess the capability of an existing design. Analysis of the JamesWebb Space Telescope
(JWST)ACS shows that the agility envelopeaccuratelypredicts the true capability of theACS: a 90degmaneuver can
actually be completed 15% faster than the conventional back-of-the-envelope slew-sizing equations suggest. The
utility of the agility envelope is further illustrated by showing howan alternative control allocation scheme can reduce
the JWSTtorque andmomentumrequirementsby 40%.Theotherwise hiddenagility canbe recovered to enhance the
slew performance of the JWST or allow the reaction wheel array to be reduced from six to five wheels, while meeting
existing maneuver requirements. The agility envelope allows such design trades to be studied without the need to
perform detailed simulations of the attitude control system.
I. Introduction
A SPACECRAFTattitude control system (ACS) is typically sizedusing simplified back-of-the-envelope type calculations [1].
Such an analysis is facilitated by identifying the limiting corner of the
design trade space. In the conventional design of a reaction wheel
ACS, the limiting performance is determined by first characterizing
the maximum torque and momentum available in any direction from
the reaction wheels. This is necessary because maneuvers are limited
by the maximum control torque or momentum that the wheels can
provide [2,3]. The capability of a reaction wheel array can be
visualized in terms of three-dimensional torque and momentum
envelopes. These envelopes are generally convex polyhedra and the
control capability may be different in different directions. This
complicates sizing calculations. To simplify the sizing of the ACS,
theworst-case control capability is determined instead, by finding the
maximum isotropic torque (or momentum) that can be produced by
the reaction wheel array. The maximum isotropic torque can be
determined as the radius of the inscribed sphere of the torque
envelope. Next, the mass properties of the space vehicle are
estimated, and the largest principal inertia is calculated. These two
parameters, the maximum isotropic torque and the largest principal
inertia, can then be used to size theACSon the basis of a conventional
eigenaxis slew profile (see Table 11-10 in [1]). For example, a design
requirement may be to complete a particular maneuver in a certain
amount of time. In this case, the associated requirements on the
torque or momentum output of the reaction wheel array can be
determined by applying simple slew-sizing equations. On the other
hand, one may wish to determine the agility of a given ACS design,
where agility is defined tomean the slew capability of a vehicle given
in terms of acceleration and/or rate parameters (usually interpreted as
isotropic values). Agility can be evaluated through simple
rearrangement of the slew-sizing equations.
As is the case with many engineering design workflows,
development of a spacecraft ACS using the approach described
previously can lead to somewhat conservative results. In other words,
the capability of the resulting attitude control system may, in fact, be
much greater than predicted by the design equations and their
associated assumptions. One of the most striking examples of the
discrepancy between the predicted and true capability of a spacecraft
ACS can be seen in the minimum-time reorientation of a rigid body
[4]. This concept, which has been demonstrated in flight and in
ground tests using flight hardware (see [5–7] and the references cited
therein), illustrates the dynamic interplay between the anisotropic
actuator control space and the properties of the inertia tensor that is
normally obfuscated by conventional methods. For example, on the
NASATransition Region and Coronal Explorer satellite, the flight-
verified average improvement in agility that could be realized by
implementing minimum-time maneuvers is about 24% [8]. In other
systems, it can be as large as 70% [9].
In an effort to help identify the discrepancybetween the back-of-the-
envelope performance and true (or “hidden”) capability of an attitude
control system, the concept of the rigid-body agilitoid was developed
[10–12]. The agilitoid expresses the slew capability of a spacecraft
attitude control system in termsof a geometric, three-dimensional solid
in much the same way as the classical inertia ellipsoid [13]. In this
spirit, the agilitoid provides a simple visual representation (see Fig. 1)
of the maneuverability of a rigid body about an arbitrary axis ξ̂; it is





where Iξ̂ is the scalarmoment of inertia about the rotation axis, and τξ̂ is
the maximum anisotropic torque that can be generated along the same
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axis. As such, the agility is larger about the major axes of the agilitoid
solid and smaller about the minor axes.
The agilitoid explains the concept of hidden agility that is made
useable through alternative slewing strategies, such as minimum
time, in that the true system capability depends upon the size and
orientation of the torque envelope relative to the size and orientation
of the inertia ellipsoid. In this context, the agilitoid can be used to
accurately estimate the hidden agility that can be exploited using
minimum-time optimal control [8]. For example, in reference to
Fig. 1, the agilitoid clearly shows thatmaneuvering about the satellite
y axis is advantageous, whereas rotating about the x axis is less
desirable. Thus, minimum-time maneuvers will tend to exploit
rotations about the y axis where agility is greatest. Although optimal
control techniques can indeed be used to best exploit the geometry of
the agilitoid, a drawback of this approach, from an industry point of
view, is that their use requires some modification to the maneuver
generator and/or the satellite flight software.
It is reasonable to assume that an analogous concept to the agilitoid
should also exist for conventional eigenaxis maneuvers. Such
maneuvers are minimum-distance maneuvers as opposed to
minimum-time maneuvers. The goal of this paper is to develop
such a concept. We therefore first advance the notion of a modified
agilitoid that is compatible with the conventional eigenaxis





where rotation is assumed to occur about an eigenaxis ê. Axis v̂ is the
control axis where the torque is applied to generate the eigenaxis
maneuver, and τv̂ is the maximum anisotropic torque available along
v̂. The effective inertia about the axis of control is denoted as Iv̂. We
note that the eigenaxis and the torque axis (see Fig. 2) are generally
not the same (i.e., v̂ ≠ ê), except for the special case of a spacecraft
with a spherically symmetric mass distribution.
In this paper, we develop the equations needed to numerically
evaluate Eq. (2) for a given satellite system. The resulting agility
envelope can then be used to support design analysis. For example, a
better understanding of the true capability of the vehicle can be
determined without resorting to simulations of the ACS. Using the
James Webb Space Telescope (JWST) as an example, it is
demonstrated that the performance of the reaction wheel attitude
control system can bemore accurately characterized in the initial and
conceptual design phase. It is then shown how the new insight
provided by the agility-envelope analysis can be used to study how
design specifications on slew performance can be met with any one
wheel failed or purposefully removed as a means to reduce mass. In
contrast, following the conventional approach could require a
relaxation in performance requirements in such a reduced wheel
mode. Thus, the agility envelope can be used as a means to assess the
capability of an attitude control system in the event of a component
failure. A further advantage of the agility-envelope-based analysis is
that no software modification is necessary to obtain the performance
enhancement, only a simple change in the parameter value for the
existing eigenaxismaneuver generating logic. The agility envelope is
also used to show how a reorientation of the wheel array can be used
to reduce the mass budget in the design of future spacecraft.
The remainder of this paper is organized as follows. In the next
section, the equations for the new agility envelope are derived. Then,
the agility envelope is applied to the problem of sizing and
configuring torquers for a reaction wheel ACS. The problem of
control allocation is also explored. Several subproblems in the ACS
design process are elucidated, using the JWST as a case study
example: 1) actuator torque sizing, 2) selecting the number ofwheels,
and 3) optimizing thewheel configuration. The paper is then brought
to a close with some concluding remarks.
II. Derivation of an Agility Envelope for Eigenaxis
Maneuvering
The geometry of the agility envelope provides immediate insight
into the spacecraft performance boundaries for eigenaxis maneuver-
ing, in terms of the maximum rotational accelerations that are
achievable for a particular ACS configuration. To construct the agility
envelope, it is necessary to evaluate Eq. (2) over the sphere. The
necessary equations for computing Eq. (2) are now derived.
A. Effective Inertia About the Control Axis
An expression for an effective inertia about the control axis can be
derived by rewriting Eq. (2) in vector form, with the effective inertia
about the eigenaxis of spacecraft rotation determined by an equation
involving a vector–tensor dot product:
a) b)
Fig. 1 Representations of a) typical rigid-body spacecraft rotating about an arbitrary axis ξ̂, and b) its agilitoid.






























































AêêêT ⋅ I ⋅ ê  τv̂v̂ (3)
which reduces to
AêI ⋅ ê  τv̂v̂ (4)
Because both Aê and τv̂ are scalars, vectors I ⋅ ê and v̂ must be
aligned. Vector I ⋅ ê is not, in general, a unit vector, but it may be
normalized so that it can be set equal to v̂:
v̂  I ⋅ êjI ⋅ êj2
(5)
where j ⋅ j2 denotes the two-norm. The scalar jI ⋅ êj2 can be
interpreted as an effective inertia about the control axis v̂. To see this,
Eq. (5) may be substituted into Eq. (4) to obtain

















Thus, to write Eq. (8) in the form of Aê  τv̂∕Iv̂, the value of a
scalar inertia about the control axis may be defined as
Iv̂  jI ⋅ êj2 (9)
B. Maximum Torque About the Control Axis
Assume that the spacecraft attitude control system is composed of
n torquers each aligned with the body-fixed frame along a unit vector
zi ∈ R3. The net control torque τb may be expressed in the body-
fixed frame as
τb  Zτa (10)
where τa is the vector of individual actuator torques, and Z is the
3 × n actuator alignment matrix
Z  z1jz2j · · · jzn (11)
The maximum torque that can be generated about the control axis,
v̂ defined in the body frame, occurswhen one ormore of the actuators
become saturated. To compute the maximum torque, first consider
the generation of a unit torque about v̂. To produce a unit torque along
v̂, the individual actuator commands are
τa  Z†v̂ (12)
where Z† is a control allocation matrix. Typically, Z† chosen as the
Moore–Penrose pseudoinverse [14,15], thoughZ† is not restricted to
this choice:
Z†  ZT ZZT −1 (13)
The Moore–Penrose pseudoinverse is popular because it
minimizes the two-norm of the actuator commands. When Eq. (12)
is computed, some or all of the commanded torques may be larger
than the allowed saturation limit. To accommodate the actuator
saturation constraints, the actuator commands need to be scaled so
that jτaj ≤ τmax for each actuator. This can be accomplished by





where operator j ⋅ j∞ denotes the max-norm (i.e., the element of
vectorZ†v̂with themaximumabsolute value). Dividing by jZ†v̂j∞ in
Eq. (14) scales the torques such that no torque command exceeds the
saturation limit, while keeping the net torque along v̂. Depending on
the specific control allocation matrix Z† used, one or more actuators
may be saturated at the value τmax.










Thus, the equation for computing the agility of the rigid body about







where the directions of the control vector and the axis of rotation are
related by Eq. (5).






is also relevant because themomentum capacity of a reactionwheel (or
of a control moment gyroscope) is limited, and this momentum limit
constrains the achievable rotational rate. The torque capability and
momentum storage capacity of a reaction wheel array are determined
by the maximum permissible torque and wheel speed of the individual
wheels as well as the wheel alignments with respect to the spacecraft
body-fixed frame. The torque outputs of the individual wheels may be
combined together and visualized in terms of an envelope. This
envelope is the projection of an n-dimensional hypercube in three
dimensional space via the 3 × n fixed actuator alignment matrix [3].
For control moment gyroscopes, the same principle applies, but the
actuator alignment matrix can vary with time. In practice, the control
capacity of individual momentum exchange devices is often derated
for slew to reserve some margin for feedback. In addition, the amount
of the availablemomentum that is allocated for slewdependsuponhow
frequently momentum accumulated form the space environment can
be unloaded or dumped. For spacecraft relying on thrusters for
momentum management, the portion of the total momentum capacity
that is allocated for slew is typically only a small fraction of the
available momentum storage capacity of the array.
For a reaction wheel system, the geometries of the agility
envelopes Aê and Wê are identical, and the two differ only in their






where parameter hmax is the momentum capacity of the momentum
exchange device that has been allocated for slew.
III. Constructing the Agility Envelope
In this section, a procedure for constructing the agility envelope is
presented. The development makes use of the equations derived in
the last section. The goal is to evaluateAê and/orWê over the sphere






























































To this end, the unit sphere is first discretized. A simple approach is to
use a rectangular longitude–latitude grid, although other possibilities
exist (e.g., Gaussian grids, or geodesic grids/Goldberg polyhedra).
Data points on a rectangular longitude–latitude grid can be
conveniently obtained using the MATLAB command sphere.
Whatever discretization approach is used, the resulting collection
of vertices forms the set of vectors fê1; ê2; : : : ; êmg ⊂ R3 for which
the agility will be determined. For each vector êi; i  1; 2; : : : ; m,
the value of the effective inertia about v̂i is calculated using Eq. (9)
and the direction of the torque vector v̂i for motion about êi computed
per Eq. (5). Next, it is necessary to determine the maximum torque
capability about control axis v̂i. When the control allocation is done
by the Moore–Penrose pseudoinverse, it is easy to determine the
individual actuator torques for a given unit torque along v̂i using
Eqs. (12) and (13).
It is worthwhile now to elaborate on the significance of Eq. (14).
Consider, for example, a standard NASA four-reaction wheel array




cosη 0 − cosη 0
0 cosη 0 − cosη
sinη sinη sinη sinη
3
75 (20)
where angleη is the reactionwheel elevationangle.TheMoore–Penrose





2 sinη 0 cosη
0 2 sinη cosη
−2 sinη 0 cosη
0 2 sinη cosη
3
77775 (21)
Now, suppose that v̂  1∕ 3p ; 1∕ 3p ; 1∕ 3p T with η  30 deg
and jτij ≤ 0.14 N ⋅m for a given array. In this case, τa 
0.62; 0.62;−0.05;−0.05T . Commanding the values τa1  τa2 
0.62 N ⋅m will saturate the reaction wheels, whereas commanding
τa3  τa4  −0.05 N ⋅m may be well within the actuators’ capability.
Thus, τa1 and τ
a
2 need to be scaled. One solution is to set
τa  0.14; 0.14;−0.05;−0.05T , where only the wheels whose
commands exceed the maximum value τmax  0.14 N ⋅m are
saturated. Doing so would allow the command to be implemented
on the spacecraft but would result in the application of torque about
the body axis 0.65; 0.65; 0.39T , which is not the desired axis
v̂  1∕ 3p ; 1∕ 3p ; 1∕ 3p T . To ensure that the torque command is
applied about the correct axis (so that motion occurs about êi),
it is necessary to scale the entire vector τa by τmax∕jτaj∞, as
specified by Eq. (14). Doing so gives τa  τmax∕jτaj∞τa 
0.14; 0.14;−0.01;−0.01T , which indeed provides a torque about
v̂  1∕ 3p ; 1∕ 3p ; 1∕ 3p T . The resulting scalar, τv̂  jZτaj2,
represents the maximum torque that can be applied about the v̂ axis
for thegiven reactionwheel array.The scalar torque τv̂, whendividedby
the effective inertia Iv̂ about the control axis, gives the correct value for
the achievable agilityAê about the eigenaxis ê.
To produce the agility envelope, the entire process described
previously needs to be repeated to obtain Aêi for each
êi; i  1; 2; : : : ; m. The results can then be plotted for visualization.
An algorithm for computation of the agility envelope is summarized
by the pseudocode given in Algorithm 1. If fW êg is desired, simply
replace the parameter τmax with hmax in Algorithm 1, or scale the
values of fAêg by the ratio hmax∕τmax, as suggested by Eq. (19).
IV. Attitude Control System Sizing Using
the Agility Envelope
In this section, the agility envelope is applied to the problem of
sizing and configuring torquers for a spacecraft ACS. The
development is carried out from the perspective of analyzing the
capabilities of the JWST (see Fig. 3). First, the problem of sizing
torquers for a reaction-wheel-based control system is explored. It is
shown that carrying forward the results obtained from the
conventional slew-sizing equations can result in a conservative ACS
design that has a larger torque capacity than is necessary to meet
requirements. Next, the agility envelope is used to examine the
impact of control allocation strategies on torque requirements and
how the choice of control allocation can influence the number of
wheels necessary to realize a successful design. Finally, the agility
envelope is used to explore the trade space associated with
configuring the ideal alignment of a reaction wheel array.
A. Actuator Torque Sizing
Actuator torque sizing is typically dictated by the need to meet a
specified requirement on slew time. A typical approach for designing
attitude maneuvers is to use a model based on kinematics
[6,15,17–19] because the resulting motion is simple and easy to
understand. Depending upon the mission, the necessary attitude
maneuvers may be rest-to-rest (e.g., the inertial pointing of a space
telescope) or non-rest-to-rest (e.g., a planetary mapping application).
In either case, torque sizing follows from the construction of a
canonical maneuver trajectory based on a so-called bang–bang or
bang–off–bang acceleration profile (see Fig. 4). The acceleration
profile is twice integrated to produce angular rate and attitude
trajectories that should be produced by the attitude control system. In
the bang–bang maneuver, the spacecraft rotational acceleration is
limited by the torque capabilities of the vehicle. Therefore, if a certain
acceleration is needed to meet the prescribed maneuver performance
specification, it translates directly to a minimum torque requirement.
An additional motion constraint in the form of an attitude rate limit
Algorithm 1 Pseudocode for creating the agility envelope
1: function AGILITYENVELOPEfêg, Z†, I, τmax
2: for all êi ∈ fêg do












































































may also be needed to account for actuator momentum limits, in
which case a bang–off–bangmaneuver results. During the off period,
when the acceleration is zero, the spacecraft coasts at the specified
maximum rate. Because the maximum rate limit influences the
overall maneuver time, meeting requirements may also drive a
minimum bound on the reaction wheel momentum. In practice, the
acceleration profiles given in Fig. 4 may be smoothed by introducing
jerk limits [20], or by applying other filters, such as the versine [21].
These details only serve to complicate the present discussion, which
is focused on design analysis of the capabilities of the ACS and are
therefore not considered here.
To design a kinematics-based slew, it is necessary to specify
appropriate limits on the angular acceleration αmax (and possibly the
angular rate ωmax) of the vehicle. Using these two parameters, the
motion profiles can be generated. The slew time for maneuvering















If Eq. (22) or Eq. (23) indicates that a maneuver of a given size can
be completed in the specified time, then the corresponding values of
αmax and ωmax can be used to derive the profile of slew torque and
momentum.
Because the torque and momentum capability of a reaction wheel
array is generally nonuniform across all rotational axes, a spheremay
be inscribed within the torque and momentum envelopes of the array
to obtain the maximum isotropic torque and momentum for ACS
sizing in the conceptual design stage. The radii of the inscribed
spheres, rτ and rh, that are necessary to provide the required
acceleration and rate can be computed by multiplying motion
constraints by the maximum principal inertia [1]. That is,
rτ  αmaxImax (24)
and
rh  ωmaxImax (25)
where Imax is the maximum principal inertia.
Using the agility envelope, it is possible to show that actuator
requirements derived from Eqs. (24) and (25) during conceptual
design ultimately lead to conservative design and operation of the
attitude control system. Therefore, unless a more detailed simulation
study is performed, the ACS hardware will be oversized. To develop
the following analysis, the values of the relevant system parameters
[3,22,23] for the preliminary design of the JWSTwere used. The data
are given in Table 1. The values of the reaction wheel torque and
momentum limits in Table 1 have been appropriately derated for slew.
This is done because some portion of the full momentum storage
capability is reserved for momentum accumulation due to
disturbance torques and for feedback. The JWST has been designed
with six reaction wheels arranged in the configuration shown in















































Fig. 4 Typical acceleration profiles for kinematic-based attitude
maneuvers: a) bang–bang; b) bang–off–bang.




4 67; 946 −83 11; 129−83 90; 061 103
11; 129 103 45; 821
3
5 kg ⋅m2
Maximum wheel torque 0.072 N ⋅m
Wheel inertia 0.1295 kg ⋅m2
Maximum wheel speed 6000 rpm
Wheel bias rate 2700 rpm
Wheel elevation angle 30 deg
Slew momentum budget (per wheel) 30 N ⋅m ⋅ s
90 deg slew time < 56.5 min



































































































Assuming two-norm control allocation [see Eq. (13)] with
η  30 deg, the available torque envelope for the six-wheel array is
shown in Fig. 6. The torque envelope has an inscribed sphere of
radius rτ  2.0τmax  0.144 N ⋅m. The momentum envelope
(which has an identical geometry) has an inscribed sphere of radius
rh  2.0hmax  60 N ⋅m ⋅ s. The isotropic acceleration and rate
limits computed from Eqs. (24) and (25) are therefore αmax 
0.90 × 10−4 deg ∕s2 and ωmax  3.75 × 10−2 deg ∕s, respectively.
ApplyingEq. (23) gives tslew  47.0 min for a 90 deg slew.Based on
this analysis, the torque and momentum sizing of the ACS given in
[22] is sufficient to meet the 56.5 min slew time requirement of
the JWST.
To check for possible overdesign, the agility envelope for the
JWST was computed using data from Table 1 and the algorithm
described previously in Sec. III. As Fig. 7 shows, the geometry of the
agility envelope appears as a “skewed” and “scaled” version of the
original reaction wheel torque envelope given in Fig. 6. A section of
the agility envelope in the plane containing the slowest and fastest
axes is shown in Fig. 8. In this plane, the agility-envelope inscribed
sphere (AIS) touches the boundary of the agility envelope. The radius
of the AIS  1.2αmax, where αmax is the isotropic acceleration
obtained from conventional analysis. Thus, the agility envelope
predicts that the achievable isotropic acceleration and rate limits are
20% larger than the values predicted by the conventional analysis.
The actual slew accelerations and rates that are achievable for any
rotational axis are therefore αmax  1.08 × 10−4 deg ∕s2 and
ωmax  4.5 × 10−2 deg ∕s, respectively. The time for a 90 deg slew
using these slew-sizing parameters is reduced by about 15%, from
tslew  47 min to tslew  40 min. This improvement is due to the
fact that the conventional analysis is performed, as described
previously, by solving the maximum isotropic torque and then
evaluating this against the largest principal inertia. However, because
the axis associated with the limiting torque may not be aligned with
the largest principal axes, evaluating system performance in this way
tends to be conservative. It is apparent from the application of the
agility envelope that the proportion of the total reaction wheel torque
and momentum allocated for slewing the spacecraft can be reduced
while still meeting requirements. Therefore, by performing the ACS
design using the agility envelope in place of the conventional slew-
sizing equations, it is possible to reduce actuator torque and
momentum requirements, which can reduce the ACS mass budget.
B. Attitude Control Simulation
To illustrate that it is indeed possible to successfully perform a slew
on the JWST by using the ACS sizing parameters obtained from the
agility envelope, an attitude control simulation was performed using
a conventional feedback control law to implement an eigenaxis


























where e1, e2, and e3 are the components of the Euler vector,
ê  e1; e2; e3T , and Φ is the instantaneous slew angle.
The time evolution of the quaternions is obtained from the
quaternion kinematic differential equations [14,15]:
_q  Qωq (28)












Fig. 6 Reaction wheel torque envelope for the JWST using two-norm
































Fig. 8 Section of the JWST agility envelope illustrating the achievable



































































0 ω3 −ω2 ω1
−ω3 0 ω1 ω2
ω2 −ω1 0 ω3
−ω1 −ω2 −ω3 0
3
775 (29)
The spacecraft dynamics are given by Euler’s equations of motion.
Neglecting external disturbances, the dynamic equations can be
expressed in the following form:
I _ω  −ω × Iω hb − τb (30)
In Eq. (30), hb  Zha is the reaction wheel angular momentum
vector expressed in the body-fixed frame, and τb  Zτa is the vector
of reaction wheel control torques also expressed in the body-
fixed frame.
The relationship between an individual reaction wheel control
torque and the time rate of change of the momentum of the individual
wheel is given as [6,24]
_ha  τa − IrwZT _ω (31)
where parameter Irw is the nominal rotor inertia of the reactionwheel.
Because the rotation rate of the JWST is very small (on the order of
1 × 10−2 deg ∕s), term IrwZT _ω in Eq. (31) is negligible, and so _h
a
can be taken as equivalent to τa.
To control the spacecraft, the reaction wheel commands are
developed in the attitude control simulation using a quaternion error
feedback logic [14]:







where qe is interpreted as the vector part of the quaternion error,K is
the feedback gain, andZ† denotes the chosen control allocation to the
individual reaction wheels (e.g., Moore–Penrose pseudoinverse).
The behavior of the feedback logic is analogous to a proportional-
derivative-type control action with ωn  K∕2 and ζ  1. The
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where vector qc  qc;1; qc;2; qc;3; qc;4T is the commanded
quaternion.
Because ê is constant for an eigenaxis slew, the commanded
quaternion vector and its time derivatives are qc 
ê sinΦ∕2; cosΦ∕2T , _qc  ê sin _Φ∕2; cos _Φ∕2T , and
qc  ê sin Φ∕2; cos Φ∕2T . Assuming zero initial conditions,
i.e., Φ0  _Φ0  0, a suitable quaternion command trajectory
can be constructed by using the maneuver templates of Fig. 4 to
generate Φ, _Φ and Φ. Because large maneuvers of the JWST are
typically momentum-limited [3], the bang–off–bang maneuver
template of Fig. 4b is used by substituting the appropriate values for
slew parameters αmax and ωmax.
By following the approach described previously, a slew was
designed for implementation about the worst-case or slow axis, the
one where the agility-envelope inscribed sphere touches the edge of
the agility envelope; see Fig. 8. For this maneuver, the values αmax 
1.08 × 10−4 deg ∕s2 and ωmax  4.5 × 10−2 deg ∕s were used. The
results of the attitude control simulation are shown in Fig. 9. As can
be seen, the 90 deg slew can be completed in the agility-envelope
predicted time of 40.2 min, without violating the bounds on the
reaction wheel slew momentum, which are placed 30 N ⋅m ⋅ s
from the bias values (see Fig. 9b). Referring to Fig. 9b, it is seen
that reaction wheel 2 just touches the slew momentum limit at
−60 N ⋅m ⋅ s, indicating that saturation of reaction wheel 2 is the
limiting factor in the slew performance of the spacecraft.
A second attitude control simulation was performed to determine
slew performance along the same axis using the conventional
acceleration and rate limits (αmax  0.90 × 10−4 deg ∕s2 and
ωmax  3.75 × 10−2 deg ∕s). Recall that the conventional accel-
eration and rate limits are based on analyzing the torque and
momentum envelopes without regard to the influence of the
spacecraft mass properties. The simulation results are shown in
Fig. 10. Referring to Fig. 10b, it is seen that, in using the conventional
approach for slew sizing, not all of the available slewmomentum has
been used. This is indicative of the ACS overdesign that typically
results from the application of back-of-the-envelope slew-sizing
equations. In the absence of techniques like the agility-envelope-
based analysis presented here, the overdesign can only be detected by
performing Monte Carlo simulations of the attitude control system.
On the other hand, the agility envelope allows the slew performance
to be accurately characterized without the need for extensive
simulation.
If the discovery of design conservatism is made late in the game,
for example post-Critical Design Review, then it may not be possible
to modify the configuration of the ACS hardware. In this case, the
results of the agility-envelope analysis can be leveraged to reduce the
slew time. Thismay be done to increase productivity of the spacecraft
because slew time is typically considered waste time [25]. Slew
performance can be enhanced, in this case, simply by changing the
values of αmax and ωmax in the maneuver generating logic to those
obtained from the agility envelope. No other changes to the flight
software or hardware are necessary.









































Fig. 9 Simulation of a slew about the worst-case axis using the agility






























































C. Selecting the Number of Wheels
In this section, a software-based alternative for reducing the
number of reaction wheels needed to meet requirements is explored.
The concept was inspired by the work of Markley et al. [3], who
proposed a torque distribution scheme that minimizes the maximum
of the individual wheel momentum magnitudes. The algorithm is
referred to by the authors as an L∞ distribution algorithm, and it is
shown that applying the L∞ distribution can provide 33% more
capability than the conventional Moore–Penrose pseudoinverse
algorithm for a reaction wheel array with six wheels. The additional
capability is obtained by allowing four of the six wheels to have
the same maximum torque magnitude rather than restricting
the maximum magnitude to a single wheel as in the saturation to
Moore–Penrose pseudoinverse algorithm.
TheL∞ algorithm, which solves aminimax optimization problem,
makes use of the fact that the reaction wheel torque envelope is an
n-dimensional hypercube wherein each facet has all but two wheels
saturated and so forms a parallelogram with sides parallel to reaction
wheel alignment vectors zi and zj, i ≠ j, and having normal in the
direction of cross product zi × zj. The edges of each facet are
determined by allowingwheels i and j to vary over their full range [3]
(i.e., τi ∈ −τmax;τmax). Thus, on the ijth facet, the output torque
of the array is







Finding the L∞ torque allocation can be done numerically by
manipulating Eq. (34) so that facet of the reaction wheel torque
envelope that contains a point along the desired control axis can be
found. Doing so requires solving a linear programming problem or
checking at most nn − 1∕2 ij facets. Readers are referred to [3,26]
for details. A version of a MATLAB script for computing the L∞
allocation based on the scheme given in [26] is provided in the
Appendix for the convenience of the reader.
It is reasonable to assume that, because the L∞ allocation scheme
increases the useable size of the reactionwheel control envelopes, the
size and shape of the agility envelope should also be influenced. The
agility envelope was reevaluated using the L∞ allocation scheme.
The geometry is shown in Fig. 11. To evaluate the impact of the
L∞ allocation strategy on the performance of the JWST ACS, an
agility-envelope analysis was carried out. The resulting maneuver
acceleration and rate limits are summarized in Table 2, according to
the sizing relations used for their computation. For example, the
sizing rule denoted as two-norm conventional refers to maneuver
limits computed based on using a two-norm allocation strategy with
Eqs. (24) and (25), whereas the sizing rule denoted L∞-AIS refers to
maneuver limits computed based on using the L∞ algorithm and the
agility-envelope inscribed sphere.
Referring to Table 2, it is apparent that implementing the L∞
allocation scheme enhances the performance of the ACS over the
Moore–Penrose pseudoinverse. This is because the agility envelope
for L∞ allocation is larger than the agility envelope for Moore–
Penrose allocation. Thus, L∞ allocation admits a larger inscribed
sphere as shown in Fig. 12. Thus, employing the agility-envelope
analysis in conjunction with the alternative L∞ allocation scheme
leads to the best performing ACS, with the shortest maneuver times
for all slew angles (see Fig. 13). Although the results given in Table 2
have been presented in terms of the slew-sizing parameters, they
could also be recast in terms of torque and momentum requirements
for slew. Assuming that αmax  0.90 × 10−4 deg ∕s2 and ωmax 
0.037 deg ∕s are sufficient to meet the requirements on slew
performance then, using the L∞ allocation, the torque and
momentum requirements can be reduced by nearly 40% from τmax 
0.072 N ⋅m and hmax  30 N ⋅m ⋅ s to τmax  0.045 N ⋅m and
hmax  19 N ⋅m ⋅ s. The 40% reduction in torque and momentum
requirements results from the fact that the radius of theL∞-AIS is 1.6
times the radius of the conventional two-norm agility sphere. Thus,
the torque and momentum can both be reduced by a factor of









































Fig. 10 Simulation of a slew about the worst-case axis using
conventional limits computed from Eqs. (24) and (25): a) quaternion











Fig. 11 Agility envelope for the JWST using L∞ control allocation.
Table 2 Maneuver design limits for JWST using various sizing rules
Sizing rule αmax, deg ∕s2 ωmax, deg ∕s2
90 deg slew
time, min
Two-norm conventional 0.90 × 10−4 0.037 47.0
Two-norm AIS 1.08 × 10−4 0.045 40.2
L∞ conventional 1.14 × 10−4 0.048 38.4






























































1∕1.6  0.625. This aspect is particularly useful for the JWST
because momentum accumulated by the wheels will only be
periodically unloaded by thrusters. Thus, reducing the slew
momentum requirement would allow additional momentum to be
stored between momentum dumps.
The fact that implementing L∞ allocation can potentially reduce
the maneuver time by over 30% (or alternatively reduce the torque
andmomentum requirements for slew by 40%) alsomotivates further
investigation into the potential for streamlining the ACS footprint by
reducing the number of reaction wheels in the array. This analysis
may, at first, be considered somewhat esoteric. However, as the
design of the spacecraft progresses, mass margins will invariably
erode. In this context, attempting to reduce the ACS footprint via an
alternative control allocation strategy can allow some of the lost
margin to be regained. To explore this idea, consider a design
scenario in which the number of reaction wheels used on the JWST
was reduced from six to five under the assumption that the
configuration of the wheels in the array is not otherwise altered. The
new slew parameters may be computed using the agility envelope.
The resulting five-wheel ACS performance is summarized in Table 3.
The results of Table 3 clearly show that, by implementing L∞
control allocation, it is possible to achieve essentially the same
performance as the original six-wheel design that used Moore–
Penrose pseudoinverse allocation. This is further illustrated in
Fig. 14, which shows that the agility envelope for the casewith RW-2
removed from the array still allows JWST slew requirements to be
met, provided that L∞ control allocation is implemented in the flight
software. Thus, in the situationwhere amassmargin problem came to
bear, the footprint of the JWST attitude control system hardware
could be reduced and the otherwise lost performance regained via a
software-based algorithm. It is also useful to point out that if this same
analysis had been performed using the conventional design Eqs. (24)
and (25), the predicted time for a 90 deg slew would bemuch greater,
at 55 min. This severe overestimate of the slew time may preclude an
analyst from considering a five-wheel alternative and quite possibly
lead to the specification of alternative hardware. This example
emphasizes the utility of the concept of the agility envelope in
supporting ACS design trade studies without the need for performing
detailed simulations.
D. Optimizing the Actuator Configuration
This section shows how results derived from the agility envelope
can be used to facilitate configuring the geometry of a reaction wheel
array. The common (and conflicting) design objectives in the
configuration of an attitude control system are to 1) maximize the
momentum storage capability of the array (to reduce the frequency of
momentum unloads), and 2) maximize agility. Satisfying these two
objectives simultaneously serves to reduce the mass budget of the
attitude control system. Recall that the momentum storage capability
of a reaction wheel array is dependent only on the relative alignment
of the individual wheels in the array, whereas the agility (as discussed
previously) is dependent not only on the configuration of the reaction
wheels but also on the inertia properties of the spacecraft. Thus, to
find the ideal array geometry, the agility envelope should be used to
determine the tradeoff between the magnitude of the isotropic agility
limits and the momentum storage capacity of the reaction wheel
array. To illustrate this idea, the JWST reaction wheels were assumed
to be arranged as shown in Fig. 15. In comparison with the original
wheel alignment [see Eq. (26)], the spacing angle β of reaction






















Fig. 12 Section of the agility envelope obtained using L∞ allocation
(solid line) compared to the agility envelope obtained using
Moore–Penrose allocation (dashed line).




















Fig. 13 Slew time curves for the JWST using various sizing rules.
Table 3 Slew-sizing limits for JWST using five of six reaction
wheels and L∞ control allocation
Wheel removed αmax, deg ∕s2 ωmax, deg ∕s2 90 deg slew time, min
RW-1 0.93 × 10−4 0.039 45.5
RW-2 0.90 × 10−4 0.038 46.8
RW-3 1.08 × 10−4 0.045 40.2
RW-4 1.08 × 10−4 0.045 40.2
RW-5 0.91 × 10−4 0.038 46.7



















Fig. 14 Section of agility envelope shows that a five-wheel design (RW-2






























































variable along with the reaction wheel elevation angle η measured
from the x–y plane.
To assess the impact of altering the reaction wheel configuration,
themomentum storage capacity of the array (defined in this section as
the radius of the spherical momentum envelope) and the 90 deg slew
times were computed for various design points Pβ; η within the
ranges β ∈ 20; 60 deg and η ∈ 20; 40 deg. Moore–Penrose
control allocation was assumed. The results of the analysis are
shown in Fig. 16. From Fig. 16a, it is apparent that the array
configuration that maximizes the momentum storage capability is
obtained for the configuration with Pβ; η ≈ 30; 35 deg. This
result is consistent with the results of Markley et al. [3], who
determined the configuration of the JWST reaction wheel array for
maximizing the momentum envelope inscribed sphere.
For the configuration with Pβ; η ≈ 30; 35 deg, the
momentum storage capacity is 163 N ⋅m ⋅ s, and the 90 deg slew
time is 41.1 min. Figure 16b, which reports the 90 deg slew times,
shows that the agility is maximized at a different design point, in the
vicinity of Pβ; η ≈ 32; 31 deg. Thus, the array configuration
that maximizes momentum storage may not be the same as the one
that maximizes agility. For the most agile configuration, the 90 deg
slew time is about 5% smaller at 39.5 min, whereas the total
momentum storage capacity is reduced by only about 2% to
159 N ⋅m ⋅ s. Thus, a 5% improvement in slew performance
can be obtained with virtually no change in the array momentum
storage capacity by maximizing the radius of the agility-envelope
inscribed sphere.
For this particular example, it could be argued that choosing either
Pβ; η ≈ 30; 35 deg or Pβ; η ≈ 32; 31 deg would result in an
acceptable design. For other systems, particularly due to the effects of
the spacecraft mass properties, the benefits obtained using one design
point over the other could be much more significant. Which design
point to choose is a trade that is ultimately up to the ACS design
engineer, and as this example has shown, the agility envelope can be
used to directly support this decision. The actual JWST reaction
wheel configuration has Pβ; η  30; 30, which is closer to the
configuration Pβ; η ≈ 32; 31 deg obtained from the analysis
using the agility envelope, indicating that meeting the requirements
on slew time was an important consideration in the design of the
JWST attitude control system.
V. Conclusions
The rigid-body agilitoid expresses capability of an optimal
spacecraft attitude control system in terms of a geometric, three-
dimensional, agility volume. In this paper, the concept of the agilitoid
was used to define the agility envelope that can be used for design
analysis of the conventional eigenaxis maneuver. The agility envelope
was constructed by accounting for the fact that the control axis, along
which the torquemust be applied to generate an eigenaxismaneuver, is
not generally the sameas the eigenaxis of rotation.The agility envelope
was used to analyze the JamesWebb Space Telescope (JWST) attitude
control system. The analysis demonstrated how an attitude control
system can be sizedmore easily and accurately using the new concept.
For example, the agility envelope correctly predicts that a 90 deg
maneuver can be completed 15% more quickly than the conventional
back-of-the-envelope slew-sizing equations would suggest for the
JWST. It was also shown how the new concept can further be used for
configuring the ideal geometry of the reaction wheel array and how a
design with a reduced number of reaction wheels can be realized by
using the agility envelope to iterate over various control allocation
schemes without the need to perform detailed simulation studies.
Appendix A: L∞ Control Allocation Algorithm
In this Appendix, a version of the algorithm developed by
Reynolds and Markley [26] for computing L∞ control allocation is
provided. Together with Algorithm 1, this script was used to facilitate
computation of the L∞ agility envelope given in Fig. 11. Instead of
using a linear program to solve the minimax problem, each of the
nn − 1∕2 facets is iterated until a facet is found that contains a point
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Fig. 15 Reaction wheel layout for array configuration example: a) view





















































Fig. 16 Impact of reaction wheel array configuration on momentum
storage and slew time: a) momentum storage capacity, and b) 90 deg slew






























































Appendix B: Derivation of Kinematics-Based
Slew Profiles







The value of ω reaches a maximum value at time (t  tf∕2). As
long as this maximum value of ω is less than ωmax, the acceleration-
limited maneuver can be performed. However, as the slew size
increases, the maneuver will become rate-limited whenω saturates at





Any slew taking longer than twice tcrit will be a rate-limited slew.
The corresponding critical angle of rotation, below which all
maneuvers will be acceleration-limited, is




All slews larger thanΦcrit require a coast phasewhere acceleration
is zero and the maneuver continues at the maximum rate until





Thus, the total time for a rate-limited maneuver is the sum of the
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